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Abstract: For a sequence of ¢;; in L”(dD) , let X% P;j = X2, fi +
Yj=1g,Where f; and g; are two corresponding sequences in H* . In
this paper, it is shown that the Toeplitz operators Ty, are

hyponormals if and only if g, =c+ Ty f; for some constant c and
some functions h, in H*(dD) with ||h,|| <1 forany r > 1.

And, for a bounded analytic sequence ¢;;onD , we show that a
sequence of a Toeplitz operator Ty, are analytic if ¢;; is in H*. These
are easily seen to be subnormal:

T‘Pijhr = Pl](pl]hr = L(Pij hr fOT' hr in HOO
Where Ly, are normal operator of multiplication by ¢;; in L*(dD) .

Lastly, for ¢;; € L” we show that, the sequence of Toeplitz operator
Tp,; ON the Bergman space with symbol ¢;; given by:

T(Pij fr = Pij(‘Pijhr)(fr € A%).

are analytic if ¢;; € H* .

Introduction

For ¢;; in L*(dD) , the sequence of the Toeplitz operators Tq,ij fori,j =1,
are the operators on HZ2of the unit disc D given by T, u = Pijpyu for i,j>1
where P;; are the orthogonal projections of L?(dD) on H? . An operator A is
called hyponormal if A*A— AA* >0 . Brown and Halmos began the systematic
study of the algebraic properties of Toeplitz operators and showed in [1] , that
Ty,; are normal if and only if ¢;; = a; + B;P;; for any i,j =1 where a;,; are
complex numbers and the sequence P; are real-valued functions in L .
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An operator A is called hyponormal if A*A — AA* > 0 .Also An operator S on
a Hilbert space H is subnormal if there is a normal operator N on K o H such
that 7 is invariant for N and. N \,=S.

Problem 5of Halmos's 1970 lectures "Ten problems in Hilbert space Is every
subnormal Toeplitz operator normal or analytic?

All progress on this question has begun with the study of self-commutator of
Ty, - A subnormal operator S hyponormal, that is, its self-commutator $*S — §§*

is positive. Also we look at Toeplitz operators on Hardy space H?(m) on the unit
circle, that is, operators obtained by compressing multiplication operators on L?
spaces on Hilbert spaces. And on A%(D) the Bergman space on the unit disk D, a
Toeplitz operators with the symbols of the form:

q)ij =az"+ pz™+y z7P+ 6 z79 ,Where a,8,y,6€Cand m,n,p ,q €L, m<n and p<q.
By letting T(,,l.].act on vectors of the form

zF+ ezt +dz"(k, <1 <7).

Methodology

In this study, we use a mathematical case study of Toeplitz operators with
symbols that exhibit hyponormality in Bergman space.

Objectives:

1) Discuss problem 5 of Holomos's 1970 lectures " Ten Propblem in Hilbert
space: is every subnormal Toeplitz operator either normal or analytic?” All
progress on this question has begun with the study of self-commutator of 7, . . A
subnormal operator S hyponormal, that is, its self-commutator §*S —SS* s
positive.

2) we look at Toeplitz operators on Hardy space H?(m) on the unit circle,
that is, operators obtained by compressing multiplication operators on L? spaces
on Hilbert spaces. And on A%(D) the Bergman space on the unit disk D , a
Toeplitz operators with the symbols of the form:

(pij =az™+ pz™+y z7P+ 6 z79 Where a,8,y,6€Cand m,n ,p ,q €L, m<n and p<q.
By letting T‘pijact on vectors of the form

zF+czt +dz"(k, <1 <7).

Literature review

Brown and Halmos began the systematic study of algebraic properties of
Toeplitz operators and showed,[3,p.98], that T, is normal if and only if ¢ = a +
Bp where a and g are complex numbers and p is a real valued function in L*.
Properties of hyponormality of Toeplitz operators have played an important role
in work on Halmos;s problem 5, [7],

"is every subnormal Toeplitz operator either normal or analytic?"
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The question is natural because the two classes, the normal and analytic
Toeplitz operators are fairly well understood and are obviously subnormal.The
normal Toeplitz operators were characterized by Brown and Halmos in 1964.

In 1984, C.Cowen and J. Jong answered this question in the negative [3].A
long the way, C.Cowen obtained a characterization of hyponormality

For Toeplitz operators, as following [3]: If p eL®, ¢ = f + g (f,g €eH?), then
T, is hyponormal < for some ceC,heH®” ,and ||hll» < 1.

T.Nakazi and K. Takahashi [11] later found an alternative description:

For
@ el®,let e(p) == {ke H*: ||kl < 1 and ¢ — kpeH™} ; then T, is hyponormal <
(@) # ¢
(for ageneralization of Cowen'sresult, see[7]).
Aim:

This paper aims to investigate the conditions under which sequence of
Toeplitz operators with symbols exhibit hyponormality on Bergman space.

1. Sequence of Toeplitz operators on Hardy spaces:

Let ¢; be in L°°(6 D) , the sequence of Toeplitz operators T, are
operators on H %of the unit disk D given by T% u=p; @; U where p;; are the
orthogonal projections of L2(8 D) onto H? .

T</’ij are normal if and only if ¢; =c; + B3; p; where a; and f3; are complex
numbers and p; are real- valued functions in L”.

Let i isin L* , the Hankel operator HW is operator on H 2 given by

H,u=3(1-p)(yu),
Where J is unitary operator from H? onto H? , J (e’i”‘g):ei(”’l)e.
. * . . *( io)_ -io .

Another way: Let v be a function define by Vv (e )—vie ) , then H, is
the operator on H? defined by

<2uv,y_/>:<HWu,v*> , forall veH” (1).

Necessary facts about Hankel operators include.

(i) H, =H, ifandonly if (1—p )y, =(1 - p)y,.

) [H,|=inf{[¢],:(1-p)w=(1-p)e}

(i) Hy=H . .

(iv) Either H  is one - to - one or ker (HV,):;{H2 where y is an inner

function. The closure of the range of HW is H? in the former case and

(2'H 2)Lin the latter.
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(vy H,U=U ) H, Where U is unilateral (forward) shift on H 2

Theorem 1: If ¢, are in L” (6D), where i i%:i f; +i g; for f,
i1 -1 i-1 =1

and g;in H* , then Twij are hyponormals if and only if

zgr:C+Tﬁerr
r=1 r=1

For some constant c and some functions h_in H™ (8 D) with

lhl < 1.
Proof. Let Z Z (oijzz fi+z g; where f, and g;are in H? . For
i=l  j=1 i=1 j=1

every polynomial pin H? ,
<(T*‘PijT‘Pij - T‘PijT*‘Pij) (»).p) = (T<sz'pT<sz> - (T*(Pijp’T*(Pij>
=(fip + Pg;p. fip + Pg;p) — {pfir + g;p.0fip + 9;pP)
=(fip, fiP) — (Pf;P,Pf;P) — (gp,g;p) +(Pg;p, Pg;P)
= (fiP,I —p)fip) —(g;P,(I — p)g;P)
=(A-p)fip,d —p)fip) —{U —p)gjp, —D)g;D)
2 2
=0 -Hep

Since the polynomial are dense in H? and since the Hankel and Toeplitz
operators involved are bounded , then T(pij is hyponormal if and only if for all u in

H2
| ul<ms - @

Let K denote the closure of the range of H- , and let S denote the

compression of U to K . Since k is invariant for U" , the operator S"is the

restriction of U to K .
Suppose first T(p_j is hyponormal . Define an operator A on the range of H-
[ i

by
A(HTi u): HE u.

If H?i u, :H?i U,, so that Hy (u; —u;) = 0 then the inequality (2) implies
that Hg(ul—uz):o too and it follows that A is well defined . Moreover ,

inequality (2) implies that | A|<1 so A has an extension to k , which will also be

denoted A with the same norm .
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Now by the intertwining formula for Hankel operators and the fact that k
is invariant forU”, we have
H, U=AH U=AUH =AS"H_
j i i i

And also
HgTU =U*Ha=U*AHE=S* AH?. .
Since the range of H?i is dense in k, we find that AS*=S Aon k , or
taking adjoints , that
SA'=AS.
By the usual theory of the unilateral shift k = H? there is function k in
H*(@D) with k|, =]A"

=| A|| such that A’is the compression to k of T, .

Since kis invariant for T, =T, this means that A" is the restriction of T to K
and

Hs =TiH+, (3)
Conversely, if equation (3) holds for some k in H”(8D) with k|| <1,
then clearly inequality (2) holds for all U, and Twij is hyponormal . By using the

formulation (1) , equation (3) holds if and only if for all H™ functions u,v ,
<zuv,gj>:< Hg_u,v*>=<Tk H?u,v*>
:<H?iu,kv*>:<zuk*vfi> (3)
:<zuv,Ffi>:<zuv,T* fi>
k

Since the closed span of {Zuv:u ,veH °°} is ZH? this means that equation
(3) holds if and only if
g, =c+T. f,

K )

For h=k" (Note that | k| :‘
In the cases for which T% are normal, h is a constant of modulus 1 and in

the cases for which T(/,ij are known to be subnormal but not normal h is a

constant of modulus less than 1.

Remark 2: The functions h,that relate. f; and g; are unique .

Proof. Suppose h,and h, arein H” and ¢, + Tr,fi=9j =c; + Tg,f; .Thisis
possible if and only if

T TE f,=T. TE f.,

That is , if and only if

Tooe £, =0

zh—-zh,
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Thus , f; must be in (z;(H 2)L where y is the inner factor of h, —h,. If

fi is not in any such subspace , the corresponding function h must be unique for
every g;.

On the other hand , if y is an inner function such that f,is in (z;( H 2)L and
¢, +T. fi=g;, then for any h, in H* and h,=h+zyh, , if follows that
g; =C, +T- f; for some constant c,.

Definition 3: Let H :{VEH"’ v=(0)=0 and |v|, < 1} . For f;in H?and let

G, denote the sets of g; in H ? such that for every uinH? |

sup <uvo,gj>‘£sug‘<uvo,fi>‘
If f;isin H” and uisin H? , then by (1),

sup\(uvo,fiﬂ:HHffiu H

VoeH

Theorem 4: If f,and g;j arein H™ | then g; are in G, if and only if
> g, =c +Tﬁjz f. .

j=1 i=1

For some constant c and some functions h; in H” (6 D) with H h; HOO <1.

Proof . Let ) Z Z(pij =Z f; +Z g Where f; and g; are in H* from [6]
=1 j=1 i=1 j=1

, for every polynomial p; .in H?, <(T*tpi,-qui,- — T(PijT*(Pij) »),p) =.

2

el -Jmsre

Since the polynomials are dense in H? and since the Hankel and Toeplitz
operators involved are bounded , we see that Ty,; are hypomormal if and only if

foralluin H?,
[ #a,el] = itz
Let kdenote the closure of the range of H:and let S denote the

compression of U to K . Since K is invariant for U", the operator S’is the
restriction of U™ to K .

Suppose first that T, is hyponormal . Define an operator Aon the range of
Hgby

A(Hpu) = Hyu

If Hruy = Hfu, , so that Hg (u; —u;) =0, then the inequality (2) implies
that ng(u1 —1u,) =0 too and it follows that A is well defined . Moreover (2)
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implies || A||<1 so A has an extension to K , which will also be denoted A, with
the same norm .
Now by the intertwining formula for Hankel operators and the fact that K
is invariant for U", we have
Hy U = AHzU = AU*Hy, = AS*Hj,
and also
Hy,U = U*Hg, = U*AH;, = S*AH;.
Since the range of H; is dense in K , we find that AS" =S"Aon K, or
taking adjoins , that SA" =A'S.
By [5] the usual theory of the unilateral shift if K=H? | there is a function
kin H?(oD)with |K]|_ :H A

=| A| such that A’is the compression to K of

T, . Since K is invariant for T, =T_. This means that A is the restriction of T, to
K and

Hg]. = Tkal,,
is holds if and only if for all H” functions u,V, satisfy (3).
By using relation (1) (zuv, Tx+) = TgHf = Hg ;
Now by using the definition there exist H I{VE H”:v(0)=0and |v|,<1}.
If £, arein H”and uisin H? , then by relation (1)
supyen [(uv, fi)l = ||Hpu|
(uv,f, >‘ :HHﬁuH

Thus (2) holds then g is in Gfi definition such that for every U in H?,

SUp,

suPyen [(uv, g;)| < supyeyluv, fi)l.
Thus T;; are hyponormal , then from Theorem

[, =) -

Corollary 5: For fjin H 2 , the following hold .
(i).fiarein G, .

g; = c+Tyf; for h:k*(

(ii) If g; are in G, then g;+4 isin G, for all complex numbers A .

(if) G, are balanced and convex , that is , if g, and g,are in G, and
s, | +s,[<1,then s g, +s,0,isalsoin G, .

(iv) Gfi are weakly closed .

(v)T; G; < G for every inner function y .

Conversely, If G is a set that satisfies properties (i) to (v) , then G o Gfi .

2. Sequence of Subnormal Toplitz operators:
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Theorem 6:The Toeplitz operators Ty, are normal if and only if ¢;; = a; +

Bj p;,forany i,j = lwhere a; and f; are complex numbers and the sequence p;
are real-valued functions in L® , is real valued.
Theorem 7: If ¢;;isinyand y,where x is an innr function, then Tq)i,- are

subnormal if and only if they are normal or analytic.
Corollary ( ): If Ty,; are subnormal and ¢;; or ,; are of bounded type,

then are normal or analytic.
3. Sequence of Toeplitz operators in Bergman space:
Theorem 8: Assume that T,  are hyponormal on A%2(D) , with

Pij=a, 24 Bizmiy; 2P+ 8, 279 (n>mip<q), -ASSUMe also n—m=q—p . Then

|ai|2n2 + |ﬁj|2m2 — |yil?p? - |6j|2q2 >2 |alﬁjmn - )7l6qu|.

Lemma 9 Let ¢;; be harmonic and bounded on . Then Ty, are normal if and
only if there exists a pair of complex numbers a and b such that (a,b) #
(0,0)and F :== a@;; + b, are constant on D.

The significance:

This research contributes to the ongoing understanding of operator theory by

characterizing the hyponormality conditions for further applications in functional
analysis and complex analysis.

Conclusion

This paper establishes conditions under which sequence of Toeplitz operators
with harmonic and bounded symbols are hyponormal and analytic on Bergman
spaces.
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